Abstract. Big ecological changes often involve regime shifts in which a critical threshold is 17 crossed. Thresholds are often difficult to measure and transgressions of thresholds come as 18 surprises. If a critical threshold is approached gradually, however, there are early warnings of the 19 impending regime shift. For example, in a one dimensional ecosystem dynamics, autocorrelation 20 approaches 1 from below, variance and skewness increase, and variance spectra shift to lower 21 frequencies. Here we focus on variance, an indicator easily computed from monitoring data. 22 23 There are two distinct sources of increased variance near a critical threshold. One is the 24 amplification of small shocks that occurs as the square of the modulus of the leading eigenvalue 25 (or leading pair of eigenvalues in the complex case) approaches one from below. This source, 26 called squealing, is well-studied. The second source of variance, called flickering, is brief 27 excursions between attractors. Flickering has rarely been analyzed in the literature. Analysis 28 presented here accounts for both sources of variance. 29 30
Complex systems exhibit many kinds of critical transitions. Interacting regime shifts may 31 muffle or magnify variance near critical thresholds. Whether muffling or magnification occurs, 32 and the size of the effect, depends on the product of the feedback between the state variables 33 times the correlation of these variables' responses to environmental shocks. If this product is 34 positive, magnification of the variance will occur. If the product is negative, muffling or 35 magnification can occur depending on the relative magnitudes of these and other effects. 36
Therefore, monitoring programs should measure variates that have opposite responses to the 37 critical transition, because variance of at least one of these should be magnified as the critical 38 transition is approached. 39 40
Simulation studies using a lake food web model suggest that muffling may sometimes 41 interfere with detection of early warning signals of regime shifts. However, more important 42 effects of muffling and magnification may come from their effect on flickering, when random 43 shocks trigger a state change in a system with low resilience. Muffling decreases the likelihood 44 that a random shock will trigger a regime shift. Magnification has the opposite effect. increase because of brief excursions from one attractor to the other (Fig. 1C) . In Fig. 1C , starting 177 at the low equilibrium, a large shock can move the system past the unstable equilibrium into the 178 basin of attraction of the upper equilibrium. This kind of variance, which we call "flickering", 179 can occur only if the stochastic envelope around the curve includes all three equilibria. 180
Flickering may increase variance over many time steps if the system moves back and forth 181 between the stable attractors over a period of time. In the Appendix, we make the notion of 182 flickering more precise and establish a framework to study squealing and flickering in systems 183 where multiple critical transitions can interact. Finally, the curve may rise so far that the lower 184 equilibrium no longer exists (Fig. 1D ). In this case, the system has passed through the critical 185 transition and only one stable equilibrium exists. 186 187
To emphasize the distinction between squealing and flickering we introduce an example 188 that can flicker but not squeal (Fig. 2) . The map from x t to x t+1 is a straight solid black line with a 189 discontinuity at x t = 2. This is a special case of the system studied by Peterson et al. 2003 As a gradual change in a driving variable moves a one-dimensional system toward a 261 critical threshold (e.g. the upward movement of the solid black lines in Fig. 1 We now turn to a model of a lake ecosystem subject to two different but coupled critical 287 transitions: compensation-depensation in the fish community and the shift between large-bodied 288 and small-bodied herbivorous crustaceans in the zooplankton (Fig. 3) . We consider gradual 289 increase in fishing of the piscivore as the exogenous slow driver ). 290
Increasing fishing mortality of adult piscivores will eventually release the planktivores to surge 291 in biomass as they cross a critical transition. At some level of planktivory by fishes, large-bodied 292 zooplankton will suffer high planktivory and collapse in biomass to be replaced by small-bodied 293 zooplankton. But it is not at all clear whether the threshold for the zooplankton shift occurs 294 before, at the same time, or after the threshold for the planktivorous fishes. Here we abstract the 295 complex interactions of Fig. 3 and consider only the planktivorous fishes and large-bodied 296 herbivorous crustacean zooplankton as indicator variables for the two critical transitions. The 297 fish dynamics are assumed to provide the slower-moving driver for the plankton dynamics. We 298 ask how the dynamics are affected by variance due to the two critical transitions that can occur in 299 the system. 300 301
Variance When Two Thresholds Interact 302 303
Methods presented in the Appendix are used here to derive an amplification index that is 304
proportional to the degree of muffling or magnifying conferred by a system. The equation for the 305 amplification index reveals some general features of systems that tend to muffle or magnify 306 variance. The model is 307 308
(
The x i are the state variables, each of which changes over time according to a rate function f i (x) 311 that depends on both state variables (Table 1) . Each state variable is subject to small exogenous 312 environmental shocks e i , where {e i } is a stationary sequence of random variables, each with mean 313 zero and fixed standard deviation. The shocks to the state variables are uncorrelated over time, 314 but may be correlated between state variables at each time step. The parameters b ii determine the 315 effect of the shocks on the dynamics. 316 317
To evaluate the variance of the system, we first linearize the model around an equilibrium 318 that is gradually destabilized by slow increase in fishing mortality of the piscivore (Carpenter et 319 al. 2008 ). The linearization around steady states is a special case of the model analyzed in the 320
Appendix. Let , 1,2 i x i  denote the components of a positive deterministic steady vector of 321 equation (1) when the e's are set equal to zero, i.e.
, where the notation ':=' means 'is defined to be'. Define 324 ( ) :
, and expand the system (1) in a Taylor series around the 2x1 vector x to obtain 325 326 (2a) We write the linear part of (2) in matrix form as 339 340 (3)
where the elements of the matrix  and the vector n come from (2). Equation (3) 
We may write a system of three linear equations in the three unknowns 11 12
from (4) and solve it using Cramer's Rule or, equivalently by using the inverse of the associated 380 3x3 matrix of weights on the three M's from (4). An alternative approach using Kronecker 381 products is discussed by Ives et al. (2003 
The left side of (7) We simulated the dynamics of planktivorous fish (x 2 ) and large-bodied zooplankton 400 grazers (x 1 ) using 401 402 Simulation studies examined muffling or magnification of variance for both negative and 425 positive values of k (Fig. 4) . In each case, we compared four sets of simulations: high and low 426 levels of resilience for both planktivorous fish and zooplankton. We define resilience of a stable 427 point as the distance (in units of the state variable) of a stable point from the unstable threshold 428 (Holling 1973 Here we analyze the situation where planktivorous fish are near their lower stable point 444 and large-bodied zooplankton are near their higher stable point (Fig 4 A, C When resilience of both state variables was relatively high, variance was relatively low 460 and the amplification factor was near zero (Fig. 5A) . The contrast is striking with the case in 461 which resilience of both state variables was relatively low (Fig. 5D) . The amplification factor is 462 positive, indicating that variance is magnified by the dynamics of the interacting system. There is 463 a slight tendency for the amplification factor to decline as the correlation of shocks increases. 464
The variance of x 1 alone (uncoupled from x 2 ) is less than the variance observed for the coupled 465 system at any value of the correlation coefficient for shocks. 466 467
Variance also increased notably when resilience of zooplankton was decreased to a low 468 value while resilience of planktivores remained high (Fig. 5B ). The amplification factor shows 469 that the system dynamics magnify the signal of the nearby threshold in zooplankton. The 470 amplification factor and the variance of x 1 decline as the correlation of shocks increases. This 471 highlights the potential impact of correlated shocks on early warnings of critical transitions. 472 473
The case where planktivore resilience is low and zooplankton resilience is high shows 474 strongly muted variance of zooplankton (Fig. 5C ). Indeed, variance of zooplankton is not 475 discernibly different from the case where both variables have high resilience (Fig. 5A) . In 476 contrast, variance of planktivorous fish increased markedly in Fig. 5C compared to Fig. 5A . This 477 substantial increase in variance of planktivores was not expressed in the zooplankton. The 478 amplification factor was small. This example shows that the early warning of a nearby transition 479 in a predator may not be expressed in the variance of the prey. 480 481
We now turn to a case where the shock variance to zooplankton, Σ 11 , is 10 4 larger than 482 shock variance to planktivorous fishes, Σ 22 (Table 1) . For the parameter values of this simulation, 483 the amplification factor is positive for negative r 12 , and negative for positive r 12 . 484 485
When resilience of both state variables was relatively high, variance was relatively low 486 and the amplification factor was near zero (Fig. 6A) . The outcome was different when resilience 487 of both state variables was relatively low (Fig. 6D) . The amplification factor is positive for 488 negative r 12 , and negative for positive r 12 . The variance of x 1 and x 2 is larger when both variables 489 have low resilience (Fig. 6D ) than when the variables are farther away from their thresholds (Fig.  490  6A) . 491 492
Variance of zooplankton, x 1 , also increased when its resilience was decreased to a low 493 value while resilience of planktivores remained high (Fig. 6B) The case where planktivore (x 2 ) resilience is low and zooplankton (x 1 ) resilience is high 498 evoked low variance of zooplankton (Fig. 6C) . Variance of zooplankton is not different from the 499 case where both variables have high resilience (Fig. 6A) . In contrast, variance of planktivorous 500 fish increased. As in the case of equal variances, the early warning of a nearby transition in a 501 predator may not be expressed in the variance of the prey. 502 503
Positive Effect of x 2 on x 1 504 505
To study responses with positive k, we analyzed the situation where planktivorous fish 506 are near their lower stable point and zooplankton are also near their lower stable point (Fig. 4  507 B,D). Instead of representing large-bodied zooplankton, x 1 now represents small-bodied 508 zooplankton near their lower stable point. Biomass of small-bodied zooplankton is inversely 509 related to that of large-bodied zooplankton through the interactions described in Fig. 3 Results were rather similar to the cases described above (Fig. 7) . The same three patterns 521 were evident.
(1) Variance of each state variable increased as its resilience decreased. (2) The 522 amplification index responded as expected. However strong effects of muffling or magnification 523
were not evident. (3) In the case when planktivorous fish had low resilience but small-bodied 524 zooplankton had high resilience (Fig. 7C) We address variance because it is perhaps the simplest indicator to measure in field data, due to 548 the availability of efficient estimators for small sample sizes. 549 550
As a discrete-time system approaches a critical point (specifically as the squared 551 eigenvalue approaches one from below) the variance will increase from two distinct sources. The effect of ecosystem dynamics depends on the interaction between the state variables that are 575 subject to critical transitions. For two variables, each subject to a critical transition, the effect on 576 variance depends on the sign of the interaction between the variables (ρ 12 ) multiplied by the sign 577 of the correlation of the response of the variables to environmental shocks (r 12 ). In a predator-578 prey or competitive relationship the sign of the interaction will be negative. early warning signals were strongly expressed in fishes when their resilience was low, and in 608 zooplankton when their resilience was low. 609 610
Other models of lake food webs have demonstrated rather strong transmission of variance 611 (Carpenter 1988) including in situations where variance is generated by an approaching critical 612 transition ). In these cases, unlike the present case, a nonlinearity in top 613 predators was linked to a linear food chain. In this paper we consider a food web with two 614 critical transitions. Even though low resilience in a predator increases variance in the predator 615 biomass, this variance is not necessarily transmitted to the prey if the prey resilience is high. 616 617
Another cause of low variance transmission in these simulations is the very small 618 magnitude of the shock variances relative to the resilience of the state variables. Simulations 619 used small shock variances and rather high resilience in order to sample the stationary 620 distribution for long periods of time without causing a regime shift by flickering. In nature, 621
shocks could be larger in relation to resilience, and flickering could lead to much larger changes 622 in variance. Of course such flickering could also trigger regime shifts. 623 624
Nonetheless, muffling and magnification should be considered in applications of early 625 warnings for ecosystem regime shifts. The magnitude depends in complicated ways on the 626 structure and parameters of the ecosystem model under study. While our analyses suggest the 627 potential importance of muffling and magnification in the dynamics of ecosystems subject to 628 multiple kinds of critical transitions, individual cases may show unique patterns. 629 630
The conditions for muffling versus magnification suggest a straightforward solution for 631 the dangers of variance muffling in field studies. Measurements should be made for two state 632 variables, one that has a negative link to the critical transition and one that has a positive link to 633 the critical transition. The critical transition of planktivorous fishes in our example has a negative 634 effect on large-bodied herbivores but a positive effect on small-bodied herbivores. 
INTRODUCTION
The purpose of this Appendix is to explain the conditions for muffling or magnifying variance when regime shifts interact, using a framework that is more general than the ecological case study presented in the main text.
SQUEALING AND FLICKERING
We need to fix some mathematical ideas that will be used in the models below. In order to do this we use a minimal model that is rather abstract. However this model is complex enough to define squealing and flickering precisely, which is necessary in order to account for their effects on variance when regime shifts interact. It may be helpful to the reader to look at Figures  1 and 2 of the main text as we explain equations (1)-(4) below. We introduce these ideas by first using the following one dimensional stochastic dynamical system in discrete time (t),  . In equation (5) below, we assume the stochastic processes are independently and identically distributed over time, each with zero mean and unit variance. In an ecological context one might think of these shocks as higher dimensional "left-out" dynamics that impinge upon the dynamics under scrutiny. In the lake food web example presented in the main text, the shocks represent variations in temperature, irradiance, nutrients or some other exogenous variable. More generally they correspond to process errors in statistical models of ecosystem dynamics (Hilborn and Mangel 1997). Switching functions are useful for representing discontinuous shifts in complex systems and we will use them extensively in this appendix. Although switching functions are not differentiable at the discontinuity, they can be approximated closely by functions that are differentiable. Switch terms, which are closely related to sigmoid functions used in many ecological models, can be smoothed as follows. Note that as q tends to infinity the function, tends to an "up" switch at
x . The notation ':=' means "is defined to be". That is as q , converges to the following function that we denote as . Using this framework we can highlight the distinction between squealing and flickering by simplifying to a model where squealing cannot occur, but flickering can occur. We will fix the value of ρ in equation (1) for all t, where 0    . We will bound the shocks so that { is a second order stationary stochastic process of uncorrelated binary random variables, each with mean zero and taking the value -1 with probability ½ and +1 with probability ½. The result is 
1[ ]
We portray this system setting the threshold point 2 c x  in Fig. 2 of the main text. The system has two stable equilibria and an unstable equilibrium ( Fig. 2A) . Squealing cannot occur because the slope ρ is constant. However, flickering can occur. Indeed, flickering can occur even if the slope ρ is zero (Fig. 2B) . 103  104  105  106  107  108  109  110  111  112  113  114  115  116  117  118    and early warning signals that are produced by flickering from one attractor to another.
MUFFLING AND MAGNIFYING
This section derives conditions for muffling or magnifying variance when critical transitions interact. First we will introduce a general model of a two-dimensional switching system. We then define muffling and magnifying in a precise mathematical way. Finally, we determine conditions for muffling and magnifying that account for flickering and squealing. Three cases are considered: the long-run stationary variance, the one-step ahead variance, and finally the variance for a finite number h of steps. The last of these is the most difficult to derive but perhaps the most relevant for analysis of ecological time series. Calculations and concepts below will also consider the dynamics of ignoring the interactions with the rest of the system. 172  173  174  175  176  177  178  179  180  181  182  183  184  185  186  187  188  189  190  191  192 We may use (6) to compute h-step-ahead forecast errors as well as the long run variancecovariance matrix of the vector x. Linear expressions like (6) 
Conditions for Muffling or Magnifying Variance
We define muffling and magnifying in terms of the relative magnitudes of two variances: the variance of x 1 as if it existed alone, separate from the interacting system, versus the variance of x 1 when it is part of the interacting system. If the first variance (x 1 alone) exceeds the second variance (x 1 embedded in the whole system), then the system interactions muffle signals from x 1 . If the first variance is less than the second variance then the signals are magnified by the full system of interactions.
In this sub-section of the paper, we will restrict analysis to a system that cannot flicker (because there are no switches) but it can squeal because of the very slow change in ρ. That is we set  = 0. We use this simplified system to introduce some basic features of muffling and magnifying for the stationary long-term variance and the one-step ahead forecast variance. In the next subsection, we return to the more general case where 0   and consider the h-step ahead forecast errors in a system that can both flicker and squeal. . Recall that we are assuming that the stochastic process of 2x1 random shock vectors, { , are uncorrelated over time although they may be contemporaneously correlated. The contemporaneous correlation will play a role in muffling and magnifying below. There is an equivalent expression for (7a) which is useful for reducing the location of sufficient conditions for (7b) to a manageable task. Using (6) we compute (7c) ' ' ' ' The meaning of "muffled" and "magnified" is intuitive. On the one hand, if the 1 x -part of the system were independent of the rest of the system except for a variable that pushed the We are now ready to consider the case of h-step ahead forecast errors. We may compute these objects using (6a). We obtain for the h-step-ahead forecast error vector, 
Variance of h-step Ahead Forecast Errors With Flickering and Squealing
We now have the background material needed for the case that is perhaps most useful for analyzing real-world ecosystems -finite-horizon h-step ahead forecast errors where both flickering and squealing are possible. We now assume that the the 2x2 matrix  is nonzero in (12) below. Switches and therefore flickering are possible. To compute h-step-ahead forecast errors, analysis must therefore take into account the possibility of switches between attractors. 299 300 301 302
Let us assume that the forcing term 0, for all t where and . We see right away that the first, second, and last terms of (14) are positive (in the matrix sense of being positive definite matrices). Therefore they can only magnify the signal. However, terms three and four could be positive or negative. If they are negative and sufficiently large, they could cause muffling of the signal.
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